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We have found an oscillating instability of fast-runningcracksin thin rubbersheets.A well de ned
transitionfrom straightto wavy cracksoccursasthe amountof biaxial strainincreases Measurements
of the amplitude and wavelengthof the oscillation near the onsetof this instability indicate that the

instability is a Hopf bifurcation.

DOl:

Whena balloonis pricked,a crackracesaroundit, slic-
ing the materialinto fragments. Surprisingly insteadof
running straight the crack wiggles, leaving a wavy pat-
tern on the edgesof the fragments.This effect haslikely
beenobsered before,but we have found only one docu-
mentedcase[1l]. We have constructedan experiment
to study this phenomenon.The wavy patternis the re-
sult of a straight-runningcrack losing stability to a new
statein which the crackoscillatesaboutits meandirection
of motion.

The eld of dynamicfracturewasspavnedby theoreti-
cal attemptsto understandvhy straight-runningcracksin
brittle materialsbifurcate[2]. Despitethe greatadvances
in dynamic fracture since then [3], predictingthe path
of a rapidly moving crackis beyond the currenttheor.
Herewe repott the rst experimentsshaving thata crack
moving at speedscomparableto the speedof soundcan
spontaneouslpeayin to oscillate. This phenomenoris dif-
ferentfrom the branchingnstability becausdiaxial strain
is essentialand thereforestudyingthis phenomenompro-
videsa new avenueto attackthe largerissueof crackpath
selection.

The applicability of fracture mechanicsto elastomers
hasbeenestablished4-6], thetime-dependentharacter-
istics of elastomeifracturehave beenexamined[7,8], and
crack speedsundervarying degreesof biaxial strainhave
beeninvestigated9,10]. None of thesestudies however,
hasexploredthetransitionfrom a straightto a wavy crack
path. Our aim hereis to characterizehis instability.

Our experimentswere done with at sheetsof rub-
ber in biaxial tension. We used samplestakenfrom a
singleroll of 0.18 mm thick naturallatex sheet{(100%cis-
polyisopreng[11]). Our apparatusjnspiredby a similar
techniquedevelopedby Treloar [12], is shawvn in Fig. 1.
Tabswerepreparedon 32.5cm 3 12.7 cm sheetshy cut-
ting 1.2 cm long slots, perpendiculato the edge,2.5cm
apat [Fig. 1(a)]. Thetips of theseincisionswererounded
by melting them with a solderingiron to prevent cracks
frominitiating atthesepointsduringloadingof thesample.

The experimentproceedsy gripping the tabsandin-
crementallyincreasingthe load simultaneouslyin both x
andy directionsuntil the desiredstrain level is reached.
Theappliedstrainis on theorderof 200%,uniformwithin
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5%, and alwayschosenso that the strainin the y direc-
tion, ey, is greaterthan the strainin the x direction, ey.
Strainis measuredrom thedilation of the grid; deviations
from uniform strainareidentied from thedistottion of the
grid andminimizedby individually adjustingeachclamp.
Oncethedesiredstrainlevel is attainedtherubbersheets
sandwichedbetweena pair of 10cm 3 66 cm rectangu-
lar steelframeg[Fig. 1(b)]. Theloadingis thenmaintained
entirely by the frames.

Eachrunis initiated by pricking the sheetwith a pin at
the point marked3 in Fig. 1(b). As shavn in Fig. 2, the
cracktip thatformsis sharpandwedge-shapefll3]. The

FIG. 1. Theexperimentalapparatugor strainingrubbersheets
alongtwo axes. (a) A grid is dravn on the sampleand clamps
are attachedto precuttabsalongthe sample’sedges.The load

is appliedto the samplethroughthe clamps,which areattached
by wires to the rigid outerframe. (b) After the sheethasbeen
slowly extendedin the x andy directions,it is clampedby an

inner rectangularframe. The sheetis distoited nearits edges
but not inside the inner frame. After clampingthe sheet,it is

puncturedwith a pin at the point marked3 . Sincethe edgesof

the sheetareclamped,no enegy ows into it during fracture.
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FIG. 2. Snapshobf thetip of apropagatingrack. Thecrackis
moving from left to right. Theinitial conditionsweree, - 2.3
ande, - 1.8

crack travels down the centerline,the midpoint between
upperandlower edgesof the frame.

The speedof thecrack,y, depend®n the strainstateof
thesheet.Thelongitudinalwave speedn thex andy direc-
tion, ¢, andcy, alsodependn thestrainstateandaregen-
erally notequal.Thecrackspeedmeasuredby high-speed
video, variesbetween37 and 60 mys andis reproducible
to within 10%. Over a similar strainrangethe longitudi-
nal soundspeedvariesbetweerb4 and108 mys 6 5% as
measuredy atime-of- ight method[14]. Theratioyycy
rangesfrom 0.4 to 0.6. Sincethe crack speedis com-
parableto the speedf sound the crackpropagationis dy-
namicratherthan quasistatic.

Dependingntheinitial strainconditions thecrackruns
straightor oscillatesaboutthe centerline.Theinnerframe
makessteadystategpossiblebecausehe enegy storedper
unit lengthinsidethe framedsampleis constantaheadof
the crackandalsoconstanin its wake.Henceasthe crack
tip adwvancesit consumesa x ed amountof enegy per
unit length of advancement.Indeed,we obsenre that af-
ter an initial transientperiod, an oscillating crack propa-
gateswith awavelengthandamplitudethatareconstanto
within 10%

Examplesof the pathsof a straightanda wavy crack
areshawvn in Fig. 3. Thesecurveswereobtainedby scan-
ning the crackedsheetwith a atbed scannerandapplying
an edge- nding algorithm to the resultingimage. Tran-
sientstypically dominatethe rst 15% of the cracklength.
During this transientregime a wavy crack’s oscillations
grow to saturationanda straightcrackrecovers from ary
off-centerlinestats, asshavn in theinsetof Fig. 3(a).

Rubbersheetssubjectedo differentinitial strainstates
were fractured,and the crack pathwas found to undego
a transitionfrom straightto wavy with increasingbiaxial
strain. Sincetheappliedforcesarepurelytensile thestrain
stateis fully describedby ex and ey [15]. The results
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FIG.3. (a) A straightcrack with e, - 1.2, e, - 2.0 (inset

shaws the initial kink that is sometimesobsered) and (b) an
oscillatingcrackwith e, - 1.3, e, - 1.8areshawvnin the nal,
unstrainedstate.In bothcasesthecrackinitiated attheleft edge
and propagatedo the right.

of theseruns are shawvn in the phasediagramin Fig. 4.
The control parameterangewaslimited by experimental
dif culties found at the highestand the lowest valuesof
ey. Forey . 2.6it becameampossibleto completea run
becauserackswouldspontaneouslform atthehigh stress
pointbetweerthetabs.Fore, , 1.4it becamémpossible
to distinguishbetweenstraightand wavy cracksbecause
the wavelengthbecamecomparableto the length of the
sample asindicatedby thetrendin theinsetof Fig. 4.

We measuredhe averagewavelengthK | andthe aver-
ageamplitudekAl of the wavy edgewhile holding ey -
2.4 x edandvarying e, from 1.2t0 2.0. Fromthedigitized
cunes we extractedthe wavelengthas the peak-to-peak
distancein the x direction and the amplitudeas half the
peak-to-alley distancein they direction. Thesequanti-
ties, averagedover multiple runswith the sameinitial con-
ditions, areplottedin Fig. 5.

The amplitudegrows as the squareroot of the control
parametewith acritical valueof x strain,ex - 1.36 Fur-
thermore,if we assumehat the cracktravels with a con-
stantvelocity y in the x direction,thenthe wavelengthis
equalto 2p yyv , wherev is the frequeng at which the
crack tip oscillatesin the y direction. Since at onsetof
theinstability the wavelengthis nonzero the frequeng at
onsetis nonzero. Hence,we concludethat the obsered
transitionis consistentvith a Hopf bifurcation[16,17].

The waveform of the crack pathis approximatelysinu-
soidal over a wide rangeof amplitudes(0.03to 0.39cm)
andwavelengthqg0.56t0 5.0 cm). Figure 6 illustratesthis
pointwith two waveformstakenfrom therunsusedto con-
struct Fig. 5. Thesecurwes correspondto the rst data
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FIG. 4. (a) A phasediagramshaving the two obsered states:
oscillating cracks? , and straightcracksz, asa function of the
initial strain state,e, and e, (frame size- 10cm3 66 cm).

The solid line, drawvn to guidethe eye, shavs the phasebound-
ary betweenstraight and wavy cracks. Data were not taken
in the region below the dashedline becausethere the princi-

pal direction of crackmotionis acrossthe width of the frame.
Ambiguouspoints™ appeamt high valuesof e, becauseliffer-

entrunswith the sameinitial conditionsproducedboth straight
and wavy cracks;ambiguouspoints at low valuesof e, result
from the dif culty in discriminatingbetweenstraightandwavy

cracks. (b) Wavelengthversusey, normalizedby e,, for x ed
e - 1.4 Thesolidline is a t of the datato Ayseyye, 2 1d

which yields A - 0.58

point after the transitionand the last datapoint in Fig. 5.
The waveformnearthetransitionis almosta perfectsinu-
soid, further bolsteringthe identi cation of the transition
asa Hopf bifurcation. The waveform far from the transi-
tion shavs sizabledeviationsfrom a sinusoid it is skeved
in the directionof propagation.

In additionto our quantitatve results,we exploredthe
possibility that the oscillationarisesfrom out-of-planevi-
brations,straincrystallization,andinteractionof thecrack
tip with waves re ectedfrom the bounday. In one ex-
perimentwe reducedout-of-planemotion by sandwich-
ing the rubbersheetsnugly betweentwo glassplatesafter
the sheetwasstretchedo the loadedstate.In anotherex-
perimentwe loadedthe sheetas usualandthenforceda
cylindrical surfaceinto the sheetsothat the sheetwasev-
erywherepressednto contactwith the surface;thus, the
only out-of-planemotion possiblewasaway from the sur-
face. Neitherexperimentstoppecdthe crack from oscillat-
ing; henceout-of-planemotion is not the sourceof crack
oscillations.

We also consideredhe effect of strain crystallization,
which is the propensityof alignedpolymerchainsto form
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FIG.5. AmplitudekAl £ dandwavelengthK | sn dareplotted
acrossthe transition from straightto oscillating cracks (e, -
2.4; seeFig. 4). The solid line throughthe amplitudedatais a
squareroot t.

crystalline domainsthat locally stiffen the material[12].

Since natural rubberis well known to strain crystallize,
we testedthin sheetsof nitrile rubber (a cross-linked
copolymerof butadieneand actylonitrile), which do not
strain-cystallize [18]. We found that wavy crackswere
nonethelesproducedin nitrile; this indicatesthat strain
crystallizationis not the sourceof the instability.

In brittle materialswavesoriginatingfrom the cracktip
andre ectingfrom the boundarieproduceperiodicmark-
ings suchasthoseidenti ed asWallnerlines[19]. If such
a mechanismwere active in rubber onewould expectan
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FIG. 6. Pro les of individual peaksfrom two differentrunsare
scaledby their amplitudeand wavelengthand plotted together
A sinecunwe (solidline) is plottedfor comparison(2 : e, - 1.4,
ey - 24 A- 0.03cm,I - 0.75cm;r e, - 2.0e - 2.4
A- 0.13cm,| - 1.02cm).
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oscillatory wavelengthl - thyycdypl 2 y2yc?, where
h is the distanceto the bounday. Given thatthe vettical

bounday is 5 cm from the crack and that our measure-
mentsshav yyc . 0.4, it follows that | 4 cm. Yet,

we obsenre wavelengthsdown to 0.85 cm (in the strained
state). Thus waves re ecting from the bounday cannot
accountfor the oscillationsof the crack.

In conclusion,we have found an instability in the di-
rection of crack propagationn arubbersheet subjected
to suf cient biaxial strainthe crackwill oscillateaboutits
meandirection of propagation.We have shovn that this
instability canbe characterizeésa Hopf bifurcation. We
have ruled out strain crystallization, out-of-planemotion,
andwavere ectionsfrom thebounday aspossiblemecha-
nismsfor the oscillation.
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